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Introduction

Lyapunov equations and its applications

@ System: %x = Az, where A € R**®,
e Lyapunov equation: for Q € R**® and K € R»*",

ATK + KA+Q=0
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Lyapunov equations and its applications

@ System: %m = Az, where A € R**®,
e Lyapunov equation: for Q € R**® and K € R»*",

Stability analysis Linear-quadratic optimization

\ /

ATK + KA+Q=0

7 ™S

Model order reduction Filtering

@ Objective: Compute solutions of circulant Lyapunov equations.
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Introduction

Circulant Lyapunov operators

o L4(P):= AP+ PAT is called circulant if A is a circulant matrix.

[ ay ap -+ QGp-2 anfl-
Gn—-1 Aap -+ QGpn-3 0Qn-2
A= | - o : D | e R
az az -+ ag ay
L a1 az -+ Adp-1 ap |
o We exploit the structure of A to design the proposed algorithm.
e Basis for the space of circulant matrices: {I, E, E?,--- , E*1} with
0 1. 0 --- 0]
0 01 0
1
0
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[ ay a1 an—2 Gn_1]
an—1 Qo an—-3 0Aan—2
A= e R™*®
az a3 ao ai
| a1 a2 an-1 Qo |
o We exploit the structure of A to design the proposed algorithm.
e Basis for the space of circulant matrices: {I, E, E?,--- , E*1} with
0 1. 0 --- 0] _
00 1 0 A=aol + a1 E+ -+ ag_ 1 F*1
n—1
: = Z akEk.
1 k=0
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Introduction

Two-variable polynomials & circulant Lyap. operator

o Zy(K)=ATK + KA, where A := Zz;é apE*.
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Introduction

Two-variable polynomials & circulant Lyap. operator

o Zy(K)=ATK + KA, where A := Zz;é apE*.

o Define v(z,y) := XTVY, where V € C**®,

X :=col (1,3:,:1:2, . ,xn_l), Y :=col (1,y,y2, . ,yn_l).
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Introduction

Two-variable polynomials & circulant Lyap. operator

o ZA(K)=ATK + KA, where A := Y 3_( ap E*.
o Define v(z,y) := XTVY, where V € C**®,

o Consider the map
I C[l’,y] — C[$, y]/Av

where A := (2" — 1,y — 1) C C[z,y].

X :=col (1,3:,:1:2, . ,xn_l), Y :=col (1,y,y2, . ,yn_l).
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Introduction

Two-variable polynomials & circulant Lyap. operator

o ZA(K)=ATK + KA, where A := Y 3_( ap E*.
o Define v(z,y) := XTVY, where V € C**®,

o Consider the map
I C[l’,y] — C[$, y]/Av

where A := (2" — 1,y — 1) C C[z,y].

@ Then the following are equivalent
(1) Za(V) =AV.
(2) T Shoh an(e® + 5ol ) = yo(z,y).
X :=col (1,3:,:1:2, . ,xn_l), Y :=col (1,y,y2, . ,yn_l).

Polynomial interpretation of eigenmatrix V'
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Introduction

Two-variable polynomials & circulant Lyap. operator

Polynomial ring C[z,y| and the ideal A := (2™ — 1,y* — 1).
Define the map II : Clz, y] — Clz, y]/A.
Given G, R € C**® define g(x,y) := X'GY, r(x,y) := XTRY.

Suppose g(z,y),7(z,y) € Clz,y] satisfy

n—1
(Y ana® + g )g(e.y)) = r(w,y),
k=0

where £k € N and £ < n.

(m+4n)k

Suppose Zz;é 2ay, cos (M) w2 #0 for every
m,n=20,1,2,...,n— 1.

Then, g(x,y) is unique.

Bhawal,

Pal, Belur (IIT Bombay) 2D-DFT and Lyapunov equations

4/14



Introduction

Two-variable polynomials & circulant Lyap. operator

o Zu(K)=ATK + KA, where A := Y }_1 a, E*.

e Polynomial ring Clz, y| and the ideal A := (z® — 1,3 — 1).
e Define the map IT: C[z,y] — C[z, y]/A.
o Let g(x,y),7(z,y) € Clz,y] be such that
n—1
H(Z ar (2" +yM)g(x, y)) = r(z,y).
k=0

Then Z4(e) is nonsingular if and only if g(z,y) is unique.
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2D-DFT & circulant Lyap. operator

e Polynomial ring C[z,y] and the ideal A := (z® — 1,y* — 1).

Define the map II : C[x, y] — Clz, y|/A.

Let P,@Q, R € C**® be such that

p(z,y) = X"PY, q(z,y) = X"QY, r(z,y) = X"RY.

Let #(P), #(Q) and .Z (R) be the 2D-DFT matrices of P, @ and
R, respectively.

@ Then the following is true:

H(p(a:, y)q(x,y)) = r(x,y) if and only if #(P) ® .Z(Q) = Z(R).

® means Elementwise multiplication.
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2D-DFT & circulant Lyap. operator

o Lyapunov equation AP + PAT = Q with A := Zz;é apE*.
o Define J € R™® such that X7 JY = > 77; ag(zF 4+ ).

@ Then, the following is true:

n—1
(Y anle® + 9 p(0)) = a(oy) & F() © F(P) = F(Q).
k=0
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2D-DFT & circulant Lyap. operator

o Lyapunov equation AP + PAT = Q with A := Zz;é apE*.
Define J € R™® such that XTJY = 302§ ap(a* + ¥).

Then, the following is true:

n—1
(Y anle* + 9 p(0)) = a(oy) & F(I) © F(P) = F(Q).
k=0

P in the Lyapunov equation can be computed using:

P=7"1(FQoZF (),

where .# ! is inverse DFT operation and @ means element-wise
division.
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2D-DFT & circulant Lyap. operator

o Lyapunov equation AP + PAT = Q with A := Zz;é apE*.
Define J € R™® such that XTJY = 302§ ap(a* + ¥).

Then, the following is true:

n—1
H(Z ap(@® + 1 )p(,1)) = qlz.y) & F(J) 0 F(P) = F(Q).
k=0

What if elements have zero?

P in the Lyapunov equation can be con.  ted using:

P=7"1(FQoZF (),

where .# ! is inverse DFT operation and @ means element-wise
division.
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Introduction

When does . (.J) has every element nonzero?

e Circulant Lyapunov operator .Z4(e), where A := ZZ;}) a,EF
o Define J € R*™® such that X7 JY := ZE;% ap(z? + yF).

e A be the set of eigenvalues of Z4(e).
e I" be the set of elements of .Z(J).
@ Then, A =T.
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Introduction

When does % (J) has every element nonzero?

e Circulant Lyapunov operator .Z4(e), where A := ZZ;}) a,EF
o Define J € R™™ such that XTJY := 37§ ag(zF + o).

e A be the set of eigenvalues of Z4(e).

e I" be the set of elements of .Z(J).

o Then, A =T.

Further, the following are equivalent:

@ % (J) has every element nonzero.
© _Z4(e) is nonsingular.
© Foreach m,n=20,1,2,...,n—1

n—1
— ]{j m+n)k

E 2ay, cos (M)w( Ean # 0.
n

k=0
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Introduction

When does . (.J) has every element nonzero?

e Circulant Lyapunov operator .Z4(e), where A := ZZ;}) a,EF
o Define J € R™™ such that XTJY := 37§ ag(zF + o).

e A be the set of eigenvalues of £ (e).

e I" be the set of elements of .Z(J).

o Then, A =T.

Further, the following are equivalent:

Q@ %(J) has every element nonzero.
© _Z4(e) is nonsingular.
© Foreach m,n=20,1,2,...,n—1

n—1
CEN (mi
ZQakCOS <7r(m n) )w( e #0
n
k=0

For A = a1 E: nis odd
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Introduction

2D-DFT, Two-variable polynomials and Lyap.

e Lyapunov operator Z4(e) with A := Zz;(l) a EF

o J € C™™ be such that Y 5_jap(z* + y*) = XTJY.
o A:=(a2"—1,y*— 1) C Clx,y].

e Assume g(z,y),r(x,y) € C[x,y] such that

n—1
H(Z ap(e* +y*)g(z, y)) = r(z,y).
k=0

Then the following are equivalent:
(a) Za(e) is nonsingular.

(b) g(x,y) is unique.
(¢) Z(J) has every element nonzero.
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2D-DFT, Two-variable polynomials and Lyap. operator

e Lyapunov operator Z4(e) with A := Zz;(l) a EF

o J € C™™ be such that Y 5_jap(z* + y*) = XTJY.
o A:=(a2"—1,y*— 1) C Clx,y].

e Assume g(z,y),r(x,y) € C[x,y] such that

n—1
H(Z ap(e* +y*)g(z, y)) = r(z,y).
k=0

Then the following are equivalent:
(a) Za(e) is nonsingular.

(b) g(x,y) is unique.

(¢) Z(J) has every element nonzero.

Relation among circulant Lyapunov operator, two-variable polynomials
and 2D-DFT established.
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Introduction

Algorithm A 2D-DFT based algorithm to solve circulant Lyapunov
equation i.e. Z4(P) = Q.
Input: ag,a;,...,a,-1 € R, Q€ C*® and A = Z};;é a,E*.
Output: Solution P € C**® of AP + PAT = Q.

vl 0

2: Compute .7 (Q) =: [amn] and F (J) =: [Bmn], respectively.
3: form=1:ndo

4: forn=1:ndo

2
1. Construct v := [al asg - anil] and J = { ag U]'

5: if Bpnn # 0 then

6: Kmn = O‘mn/ﬁmn-

7 else

8: Kmn = T, where 7 € C**™,
9: end if

10: end for

11: end for

12: F(P) =[] and P = #~1 (,9?(13)).
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Lyap. equation has unique solution

5: if Bpnn # 0 then
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8: Kmn = T, where 7 € C**™,
9: end if

10: end for

11: end for

12: F(P) =[] and P = #~1 (,9?(13)).
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Algorithm A 2D-DFT based algorithm to solve circulant Lyapunov
equation i.e. Z4(P) = Q.
Input: ag,a;,...,a,-1 € R, Q€ C*® and A = Z};;é a,E*.
Output: Solution P € C**® of AP + PAT = Q.

2ag v

ol ol

2: Compute .7 (Q) =: [amn] and F (J) =: [Bmn], respectively.
3: form=1:ndo

4: forn=1:ndo

1: Construct v := [al ag - an,l] and J :=

Lyap. equation has infinitely many solutions

5: if Bpnn # 0 then

6: Kmn = O‘mn/ﬁmn-

7 else

8: Kmn = T, where 7 € C**™,
9: end if

10: end for

11: end for

12: F(P) =[] and P = #~1 (,9?(13)).

Bhawal, Pal, Belur (IIT Bombay) 2D-DFT and Lyapunov equations 10/ 14




Introduction

Examples

e Lyapunov equation AT P + PA 4+ Q = 0 with

A= =2

o N O
N OO
o N O
S O N
o O O

1 3 1 4
of,Q:=11 2 0|,J=
0 0 2 4

S O N
O = O
— o O

o 2D-DFT matrices:

F(J)=[1-jv3 —2—-j2v3 -2 7+53V3 -2 10—j6V3 |.

4 1—jv3  14+j5V3 1 34  —5+43v3 —5-53V3
1+5vV3 —2 —2452V3 7—33v/3 104563 —2

@ One can verify that

o _ (-2 6 1
P=7"(ZQoFxJ)=~1-2 -1 4
s 4 2

Lyap. equation has unique solution

Bhawal, Pal, Belur (IIT Bombay) 2D-DFT and Lyapunov equations 11 /14



Introduction

Examples

e Lyapunov equation ATP + PA 4+ Q = 0 with
0 2] 31 0 2
A=y ofe=1 3=z 4
@ 2D-DFT matrices:
4 0

s =y _i|-F@=5 {|
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Introduction

Examples

e Lyapunov equation ATP + PA 4+ Q = 0 with

0 2] 31 0 2
a=lyole=1 3= -
o 2D-DFT matrices:

s =y _i|-F@=5 {|

e Define .7 (P) := [m "2\
K3 /€4_
@ Thus, we have
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Introduction

Examples

e Lyapunov equation ATP + PA 4+ Q = 0 with

0 2] 31 0 2
a=lyole=1 3= -
o 2D-DFT matrices:

s =y _i|-F@=5 {|

e Define .7 (P) := [zl 22 .
3 k4]

o ol =104

o Using the inverse 2D-DFT:

@ Thus, we have

Infinitely many solutions

P () - [ Y

2D-DFT and Lyapunov equations
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Introduction

Examples

o Lyapunov equation AT P + PA + Q = 0 with
0 2 31 0 2
R I ]

e 2D-DFT matrices:
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Introduction

Examples
o Lyapunov equation AT P + PA + Q = 0 with
0 2 31 0 2
R I ]

e 2D-DFT matrices:

e Define .7 (P) := [
@ Thus, we have
[4 0] . [nl H2:| _ [10 4}
0 —4 K3 K4 -2 0
No solution
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Introduction

Conclusion

o Under a suitable projection map II, two-variable polynomials are
related to circulant Lyapunov operators.

o Nonsingularity of Lyapunov operators is a necessary and sufficient
condition for every element of the 2D-DFT matrix corresponding
to a suitably constructed matrix J to be nonzero.

@ Devised an algorithm to solve circulant Lyapunov equations.

Thank you.
QQueries: bhawal@mpi-magdeburg.mpg.de
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