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ey, Problem statement

Consider a controllable system with state-space dynamics

—ux(t) = Az(t) + Bu(t), where A € R*** B € R**".

Chayan Bhawal, Debasattam Pal Solvability of CGCARE for zero-input cost



@ ey, Problem statement
Consider a controllable system with state-space dynamics

a4
dt

x(t) = Ax(t) + Bu(t), where A € R™* B € R™™.

Infinite-horizon linear quadratic regulator (LQR) problem

For every initial condition zp € R®, find an input u(¢) (from admissible
input space) that minimizes the functional

sauuw)= [TV (% 5] [0 ae where [S 5] 50

and lim;_,o x(t) = 0.
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Consider a controllable system with state-space dynamics

4
dt

x(t) = Ax(t) + Bu(t), where A € R** B € R*™™.

Infinite-horizon linear quadratic regulator (LQR) problem

For every initial condition 2y € R®, find an input u(¢) (from admissible
input space) that minimizes the functional

J (o, u(t)) := /0°° [Zggr [5% 16;} [28] dt, where [S% f;} >0

and limy_,o z(t) = 0.
For R > 0 (Regular case)

ATK + KA+ Q- (KB+S)RYBTK+5T)=0 u(t) = —R *(B” Knax + ST)x(t)
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@ ey, Problem statement
Consider a controllable system with state-space dynamics

4
dt

x(t) = Az(t) + Bu(t), where A € R*** B € R™™,

Infinite-horizon linear quadratic regulator (LQR) problem

For every initial condition zp € R®, find an input u(t) (from admissible
input space) that minimizes the functional

J (o, u(t)) := /0"" [Zggr [SQT g} [28] dt, where [S% f;} >0
and limy_, o 2(t) = 0.

For R > 0, det(R) = 0 (Singular/degenerate case)

T —1 T Ty _ —1 T T
A KA Q (JéB ’SH% (B 1+ S )—e = R (B meax S )ﬁ(é)
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Ag@§$¥Zﬂ§‘£‘€§‘éb&”§§€f’?§é3m Literature review

System: d%a: = Ax + Bu Cost matrix: [SQT f?l > 0,det(R) =0.
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@ ommrencweroosn | 1t@rature review

System: (%x = Az + Bu Cost matrix: [SQT ;} > 0,det(R) =0.

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

Singular LQR problem is solvable using a static state-feedback controller

v

there exists K = KT € R™*® sych that

ATK + KA+ Q— (KB + S)R'(BTK + ST) =0,
ker(R) C ker(S + KB).
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there exists K = KT € R™*® sych that
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System: %x = Az + Bu Cost matrix: [SC?T ;} > 0,det(R) =0.

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

Singular LQR problem is solvable using a static state-feedback controller

v

there exists K = KT € R™*® sych that

ATK + KA+Q— (KB+ S)R'(BTK +5T) =0, ARE
ker(R) C ker(S+ KB).  Constraint equation

Constrained Generalized Continuous Algebraic Riccati Equation - CGCARE.
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ST R

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

System: dita: = Az + Bu Cost matrix: [ Q S} > 0,det(R) =0.

Singular LQR problem is solvable using a static state-feedback controller

(3
CGCARE is solvable.
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System: dita: = Ax + Bu Cost matrix: [s% f?l > 0,det(R) =0.

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

Singular LQR problem is solvable using a static state-feedback controller

(3
CGCARE is solvable.

Theorem (Bhawal and Pal, IEEE L-CSS 2019)

Singular LQR problems corresponding to single-input sytems can be solved
using proportional-derivative (PD) controllers.
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System: dita: = Ax + Bu Cost matrix: [s% f?l > 0,det(R) =0.

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

Singular LQR problem is solvable using a static state-feedback controller

(3
CGCARE is solvable.

Theorem (Bhawal and Pal, IEEE L-CSS 2019)

Singular LQR problems corresponding to single-input sytems can be solved
using proportional-derivative (PD) controllers.

When is CGCARE solvable?
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System: dita: = Ax + Bu Cost matrix: [s% f?l > 0,det(R) =0.

Theorem (Ferrante and Ntogramatzidis, Automatica 2014)

Singular LQR problem is solvable using a static state-feedback controller

(3
CGCARE is solvable.

Theorem (Bhawal and Pal, IEEE L-CSS 2019)

Singular LQR problems corresponding to single-input sytems can be solved
using proportional-derivative (PD) controllers.

When is CGCARE solvable for R = 07
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m For R =0, [5%;]20;»Q>0andszo.
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= Cost function: [;° (z7Qu) dt.
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= Cost function: [;° (z7Qu) dt.
m Pontryagin's Maximum principle: (x: states, z: costates, u: input)
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z SYSTEWS AND CONTROL THEORY amiitonian penciis

= Cost function: [;° (z7Qu) dt.
m Pontryagin's Maximum principle: (x: states, z: costates, u: input)

I, 0 0 a |® A 0 Bl |z
0 I 0O 7 7= —-Q —-AT 0] |z
0 0 0 u 0 BT o0

E "
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8 COMPUTATIONAL METHODS IN
s SYSTEWS AND CONTROL THEORY amiitonian penciis

= Cost function: [;° (z7Qu) dt.
m Pontryagin's Maximum principle: (x: states, z: costates, u: input)

I, 0 0 a |® A 0 Bl |z

0 I 0O 7 7= —-Q —-AT 0] |z

0 0 0 u 0 BT 0of |u
E "

(E, H): Hamiltonian matrix pair, (sE — H): Hamiltonian matrix
pencil.
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s SYSTEWS AND CONTROL THEORY amiitonian penciis

= Cost function: [;° (z7Qu) dt.
m Pontryagin's Maximum principle: (x: states, z: costates, u: input)

I, 0 0 a |® A 0 Bl |z

0 I 0O 7 7= —-Q —-AT 0] |z

0 0 0 u 0 BT 0of |u
E "

(E, H): Hamiltonian matrix pair, (sE — H): Hamiltonian matrix
pencil.
m Output-nulling representation:
d
it = Lo ][]+ o] wemao-p ]
dt |z —-Q -A z 0 —— z
C

o)

A

Solvability of CGCARE for zero-input cost
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m Output-nulling representation:

=L f] B oo ]

A B
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8 COMPUTATIONAL METHODS IN
8 SYSTEMS AND CONTROL THEORY SO va l l y

m Output-nulling representation:

=L f] B oo ]

A B
CGCARE with R = 0 solvable
i}

P(s) := 6(512n — 2)_1§ = 0 (as a rational matrix).

For the R singular case: more necessary and sufficient conditions in
Bhawal, Qais, and Pal, IEEE L-CSS 2019.
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m O(slyy —A)'B=0< CAFB=0forall k € {0,1,2,--- }.
m Note that

CB=[0 BT [B] = 0.

Chayan Bhawal, Debasattam Pal Solvability of CGCARE for zero-input cost



: COMPUTATIONAL METHODS IN 7
g SYSTEMS AND CONTROL THEORY u Onomy a

m O(slyy —A)'B=0< CAFB=0forall k € {0,1,2,--- }.
m Note that

GAB=[0 B [_g —f?T] []g] — _BTQB=0= QB =0.
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[ 6(512n — A\)_lﬁ =0« CA*B=0forall k € {0,1,2,---}.
m Note that

CAB=1[0 B"] [_g —f?T] []g] — _BTQB=0= QB =0.

CA*B=0= (A*B)TQA*B=0= QA*B =0.
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[ 6(512n — A\)_lﬁ =0« CA*B=0forall k € {0,1,2,---}.
m Note that

CAB=1[0 B"] [_g —f?T] []g] — _BTQB=0= QB =0.

CA*B=0= (A*B)TQA*B=0= QA*B =0.
m Thus for 6(312n — A\)_lﬁ = 0 we must have
QB AB --- A'B]=o.
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[ 6(512n — A\)_lﬁ =0« CA*B=0forall k € {0,1,2,---}.
m Note that

CAB=1[0 B"] [_g —f?T] []g] — _BTQB=0= QB =0.

CA*B=0= (A*B)TQA*B=0= QA*B =0.
m Thus for a(sfgn — //l\)_lﬁ = 0 we must have
QB AB --- A'B]=0.

Since (A, B) is controllable, this is not possible unless @ = 0.
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Theorem (Main result)

Corresponding to a singular LQR problem with R = 0 (zero input cost) the
following statements are equivalent:

1. C(slyp — A)1B #0.

2. CGCARE is not solvable.
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Theorem (Main result)

Corresponding to a singular LQR problem with R = 0 (zero input cost) the
following statements are equivalent:

2. CGCARE is not solvable.

3. There exists no proportional state-feedback controller that solves the
singular LQR Problem.
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Theorem (Main result)

Corresponding to a singular LQR problem with R = 0 (zero input cost) the
following statements are equivalent:

1. C(slyp — A)1B #0.
2. CGCARE is not solvable.

3. There exists no proportional state-feedback controller that solves the
singular LQR Problem.

Chayan Bhawal, Debasattam Pal
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101 0 Cost: [ (27 Qx) dt,
d . _
mor= |1 0 llz+ |llu 00
110 0 091

m CGCARE: ATK + KA+ Q = 0 and ker(R)
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101 0 Cost: [ (27 Qx) dt,
mlr=1{1 0 1|z+ |1|u __fooo0
vaof T o Q=8¢
m CGCARE: ATK+KA+Q =0 and ker(R) Cker(KB)= KB =0
ki ko k4
mlet K = |ky ks ks|.
ky ks kg
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vaof T o Q=8¢
m CGCARE: ATK+KA+Q =0 and ker(R) Cker(KB)= KB =0
ki ko k4
mlet K = |ky ks ks|.
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101 0 Cost: [ (27 Qx) dt,
mlr=1{1 0 1|z+ |1|u __fooo0
vaof T o Q=8¢
m CGCARE: ATK+KA+Q =0 and ker(R) Cker(KB) = KB =0.
ki ko k4
mlet K = |ky ks ks|.
ky ks kg

m From the constrained equation KB = 0: ko = k3 = k5 = 0.
m We have from ATK + KA+ Q = 0:

2(k1 + ka) kg ki + k4 + ke
ky 0 ke =0
ki+ka+ke ke  2ksa+1
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: COMPUTATIONAL METHODS IN
g SYSTEMS AND CONTROL THEORY xa m p e

101 0 Cost: [ (27 Qx) dt,
mlr=1{1 0 1|z+ |1|u __fooo0
vaof T o Q=8¢
m CGCARE: ATK+KA+Q =0 and ker(R) Cker(KB)= KB =0
ki ko k4
mlet K = |ky ks ks|.
ky ks kg

From the constrained equation KB = 0: ko = k3 = ks = 0.
We have from ATK + KA+ Q = 0:

2(k1 + ka) kg ki + k4 + ke
ky 0 ke =0
k1 + ks + kg kg 2ky +1

m CGCARE not solvable. No P state-feedback controller
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Cost: [y~ (27 Qx) dt

xr 4+ U 000
Q:=[§01].
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SYSTEMS AND CONTROL THEORY

Cost: [y~ (27 Qx) dt

0 («
il

T+

1 1 0 0
m Basis for stable-eigenspace of (E, H):

Vi=[11 -220 0 0

J 1 0 1
.%33:101

such that HV = EVT, where T' = —1. Define V; = [1 1 —2]",

V3 =0.
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10 1 0 Cost: [y~ (27 Qx) dt
mlr=|1 0 1{z+|t|lu ~_fooo0
110 0 Q:=[000].
s Vi=[11 -2, 15=0
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d [1 0 0 Cost: [;* (z7Qx) dt
mpr=|1 0 llz+ |1|u ~_Joo00
v o Q=388)
sVi=[11 -2, =0
100
m Define Xy =[Vi B AB|=| 1 1 0].
-2 0 1
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d [1 0 O Cost: [ (¢ Qu) dt,
mpr=|1 0 llz+ |1|u ~_Joo00
v o Q=388)
sVi=[11 -2, =0
100
m Define Xy =[Vi B AB|=| 1 1 0].
-2 0 1

m Design the controllers:
Fe=[Vs fo AlX{'and Fa:=1[0 1 —fo] X;*
where fo, f1 € R.
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sy 0 Cost: [y~ (27 Qx) dt
B pr= |1 0 1llz+ |lju __[ooo0
11l o 2:=[§it)
sVi=[11 -2, =0
100
m Define Xy =[Vi B AB|=| 1 1 0].
-2 0 1

m Design the controllers:
Fe=[Vs fo AlX{'and Fa:=1[0 1 —fo] X;*

where fo, f1 € R.
m Chosing fo=0and fi=f: F;=[2f 0 f]and Fy=[-1 1 0].
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10 1 0 Cost: [y~ (27 Qx) dt
%:clelx—i—lu ~_Joo00
NI 2= ({48
vi=[11 -2]", =0
100
Define X1 =[Vi B AB]=| 1 1 0
-2 0 1

Design the controllers:
Fe=[Vs fo AlX{'and Fa:=1[0 1 —fo] X;*

where fo, f1 € R.
Chosing fo=0and fi = f: F,=[2f 0 f]and Fy=[-1 1 0].
PD controller: u = Fpx + Fyi.
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10 1 0 Cost: [y~ (27 Qx) dt
mlr=|1 0 1{z+|t|lu __fooo
vio) @:=[§}i]
sVi=[11 -2, =0
100
m Define Xy =[Vi B AB|=| 1 1 0].
-2 0 1

m Design the controllers:
F=[Vs fo A]X;'and Fy:=1[0 1 —fo] X;°
where fo, f1 € R.
m Chosing fo=0and fi=f: F;=[2f 0 f]and Fy=[-1 1 0].
m PD controller: u = Fpx + Fya.
m Closed loop system: (I — BFd)%x = (A+ BF,)x.
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Cost: [y~ (27 Qx) dt

J 1 0 1 0 (
morx= 1|1 0 1llo+ |1|u 000
oo b 2= [i44)

sVi=[11 -2, =0

1
m Define Xy =[Vi B AB]=| 1
2

O = O
= o O

m Design the controllers:
Fe=[Vs fo AlX{'and Fa:=1[0 1 —fo] X;*

where fo, f1 € R.
m Chosing fo=0and fi=f: F;=[2f 0 f]and Fy=[-1 1 0].
m PD controller: u = Fpx + Fya.
m Closed loop system: (I — BFd)%x = (A+ BF,)x.

Choose f: det(s(I, — BFy) — (A+ BF})) # 0.
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LQR problems — det(R) = 0

R>0
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LQR problems — det(R) = 0

Standard
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R>0 P controllers
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LQR problems — det(R) = 0

THANK YOU
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